Introduction
Iterations of rational mappings and actions of finitely generated Kleinian groups are typical holomorphic dynamical systems on CP 1 . The notion of the Julia sets [15] , [16] and the limit sets [14] are significant in their study.
Sullivan's dictionary [18] says that they are in a close correspondence (see also [12] pp. 98-99). More generally, the Julia sets are defined also for actions of semigroups generated by rational maps on CP 1 (cf. [9] , [19] ). These holomorphic dynamical systems are one-dimensional and on closed manifolds. Holomorphic dynamical systems on one-dimensional manifolds also appear if transversely holomorphic foliations of complex codimension one are given. Indeed, the holonomy pseudogroups of such foliations act on onedimensional complex manifolds. If foliations are given on closed manifolds, then the holonomy pseudogroups have certain compactness called 'compact generation'. The notion of the Julia sets is also known for complex codimension-one transversely holomorphic foliations of closed manifolds [6] , [8] , [1] . One of the aims of this article is to give a unified definition of these Julia sets and limit sets. For this purpose, we will introduce a notion of compactly generated pseudosemigroups and a Fatou-Julia decomposition for them.
The Julia sets are also defined for entire maps on C. In addition, if we consider transversely holomorphic foliations of open manifolds, or the regular parts of singular holomorphic foliations, then their holonomy pseudogroups are no longer compactly generated in general. We will introduce a Fatou-Julia decomposition also for non-compactly generated pseudosemigroups, which coincides with the classical one if iterations of entire maps on C are considered.
In the first section, we will introduce (holomorphic) pseudosemigroups (psg for short), which have appeared in a slightly different way, e.g. in [11] , [13] , [22] . In the second section, a Fatou-Julia decomposition of psg's and pseudogroups are defined and some fundamental properties are shown. Although pseudogroups generate psg's, decompositions for psg's and pseudogroups do not coincide in general. In the third section, compactly generated psg's are introduced. They are a version of compactly generated pseudogroups [8] . In the fourth section, Fatou-Julia decompositions of compactly generated psg's are discussed. It will be shown that if Γ is a compactly generated pseudogroup, then the Julia set of the psg generated by Γ and the one as a pseudogroup coincide. It will be also shown that we can find Hermitian metrics or volume forms adapted to actions of psg's on Fatou sets. In the last section, we will study Fatou-Julia decompositions for one-dimensional singular foliations.
The author expresses gratitude to members of Dosemi, Saturday seminar held at Tokyo Institute of Technology, for helpful comments.
Pseudosemigroups
In order to compare Julia sets for pseudogroups with the Julia sets for mapping iterations, it is convenient to introduce a generalization of pseudogroups. Definition 1.1. -Let T and S be topological spaces. A local continuous map from T to S is a continuous map from an open set of T into S. A local continuous map from T to T is also called a local continuous map on T . If f is a local continuous map from T to S, then the domain and the range of f are denoted by dom f and range f , respectively. Note that we do not assume that range f is open but we always assume that dom f is open. If V is an open subset of dom f , then the restriction of f to V is denoted by f | V . Let f be a local continuous map from T to S.
1)
If f is a homeomorphism (resp. diffeomorphism) from dom f to range f , then f is called a local homeomorphism (resp. local diffeomorphism).
2) If T and S are equipped with complex structures and if f is holomorphic, then f is called a local holomorphic map. If moreover f is a diffeomorphism, then f is called a local biholomorphic diffeomorphism.
3) Suppose that if x ∈ dom f , then there is a neighborhood U of x such that f | U is a homeomorphism to the image. Then, f is said to beétale.
4) Suppose that T and S are one-dimensional complex manifolds. A local holomorphic map f is said to be a ramified covering if there are biholomorphic diffeomorphisms ϕ from dom f to a domain in C and ψ from range f to a domain in C such that ψ • f • ϕ −1 (z) = z n holds for some positive integer n, where z ∈ range ϕ. A local holomorphic map f is said to be a local ramified covering if for each x ∈ dom f , there is an open neighborhood U of x such that f | U is a ramified covering. 5) Assume that f is a local holomorphic map on C. The set of singularities of f is denoted by Singf , namely, Singf = {z ∈ U | f (z) = 0}.
6) The germ of a local mapping f at a point x ∈ dom f is denoted by f x . Definition 1.2. -Let T be a topological space and Γ be a family of local continuous mappings on T . Then, Γ is a pseudosemigroup (psg for short) if the following conditions are satisfied.
1) id T ∈ Γ , where id T denotes the identity map of T .
2) If γ ∈ Γ , then γ| U ∈ Γ for any open subset U of dom γ.
3) If γ 1 , γ 2 ∈ Γ and range γ 1 ⊂ dom γ 2 , then γ 2 • γ 1 ∈ Γ .
4) Let
U be an open subset of T and γ a local continuous mapping defined on U . If for each x ∈ U , there is an open neighborhood, say U x , of x such that γ| Ux belongs to Γ , then γ ∈ Γ .
If in addition Γ consists of local homeomorphisms, then Γ is a pseudogroup if Γ satisfies 1), 2), 3) and the following conditions.
4') Let U be an open subset of T and γ a homeomorphism from U to γ(U ). If for each x ∈ U , there is an open neighborhood, say U x , of x such that γ| Ux belongs to Γ , then γ ∈ Γ .
If Γ is either a psg or a pseudogroup, then we set for x ∈ T Γ x = {γ x | x ∈ dom γ}.
By abuse of notation, an element of Γ x is considered as an element of Γ defined on a neighborhood of x.
The terminology 'pseudosemigroup' has appeared in a slightly different way, e.g. in [13] , [22] , [11] . Definition 1.3. -Let T be a topological space and G a set which consists of local continuous mappings on T . The psg generated by G is the smallest psg which contains G, and is denoted by G . If Γ is a pseudogroup, then we denote by Γ psg the psg generated by Γ . If there is a finite number of elements, say f 1 , . . . , f r , of Γ such that Γ = f 1 , . . . , f r , then Γ is said to be finitely generated.
In what follows, the n-th iteration of a mapping f , if defined, is denoted by f n , where n ∈ Z. If n = 0, then f 0 is considered as the identity map.
Remark 1.4. -One of differences between pseudo(semi)groups and (semi)groups is illustrated as follows. Let f be a rational mapping on CP 1 and Γ the semigroup generated by f . Let U = V = {z ∈ C | |z| < 1+ } and ϕ(z) = 1/z. If we set U 0 = V 0 = {z ∈ C | 1/(1+ ) < |z| < 1+ } and identify U 0 and V 0 by ϕ, then the resulting space is CP 1 . Let T be the disjoint union of U and V . Then, Γ , ϕ and ϕ −1 generate a psg Γ which acts on T . Let W be a small open subset of U 0 such that f (W ) ⊂ T and f 2 (ϕ(W )) ⊂ T . By the condition 4), the mapping g on W ∪ ϕ(W ) such that g| W = f and g| ϕ(W ) = f 2 belongs to Γ . The psg Γ is obtained from Γ , indeed, ( Γ , T ) is equivalent to (Γ , CP 1 ) (see Definition 1.22). However, g cannot be realized as a single element of Γ although W and ϕ(W ) correspond to the same region on CP 1 ,
-158 -Remark 1.5. -Let (Γ , T ) be a pseudogroup. Suppose that U is an open subset of T and that γ is a mapping defined on U . If the restriction of γ to a neighborhood of x belongs to Γ for each x ∈ U , then it is always true that γ ∈ Γ psg but γ ∈ Γ if and only if γ is a homeomorphism. Let θ ∈ R \ Q and define γ:
√ −1θ z, where we regard CP 1 = C ∪ {∞}. Let Γ be the pseudogroup generated by γ, namely, the smallest pseudogroup which contains γ. If we set U = {z ∈ C | |z − 1| < }, where is a small positive number, then γ| U ∈ Γ . We set V = {z ∈ C | z − √ −1 < }. We may assume that U ∩ V = ∅, however, for a suitable choice of n, we have γ n (V ) ∩ U = ∅. Let γ be the mapping from U V to CP 1 such that γ | U = γ and γ | V = γ n+1 . Then γ ∈ Γ because γ is not a homeomorphism but γ ∈ Γ psg . Definition 1.6. -Let (Γ , T ) be a psg. If T is a q-dimensional, possibly non-connected manifold and if Γ consists of holomorphic mappings, then (Γ , T ) is called a holomorphic pseudosemigroup on a q-dimensional complex manifold. Definition 1.7. -A pseudosemigroup Γ is said to beétale if Γ consists ofétale mappings. A holomorphic pseudosemigroup Γ on a one-dimensional complex manifold is said to be ramified if Γ is generated by local ramified coverings and holomorphicétale mappings.
We will assume that (Γ , T ) is holomorphicétale if q > 1, and ramified if q = 1 when defining the Fatou-Julia decomposition (see Assumption 2.1). Note that such a Γ consists of open mappings.
Although we are interested in holomorphic pseudosemigroups on complex manifolds, we will discuss some more fundamental definitions and properties of psg's. Many of them are borrowed from those of pseudogroups which can be found in [7] § § 1-2. Definition 1.8. -We denote by Γ × 0 the subset of Γ which consists of invertible elements, namely,
We denote by Γ × the subset of Γ which consists of locally invertible elements, namely,
Note that Γ × 0 is a pseudogroup, and Γ × is anétale pseudosemigroup. Indeed, Γ × is the pseudosemigroup generated by Γ × 0 .
-159 -Taro Asuke Definition 1.9. -Let (Γ , T ) be a psg. If X ⊂ T , then we set
A subset X of T is said to be forward invariant if Γ (X) = X, backward invariant if Γ −1 (X) = X. If X is forward and backward invariant, then X is said to be completely invariant or Γ -invariant. Definition 1.10. -A subset X of T is said to be Γ -connected if X satisfies the following condition: if X = λ∈Λ X λ is the decomposition of X into its connected components, then for any λ, λ ∈ Λ, there exists a sequence λ 0 = λ, λ 1 , . . . , λ r = λ such that Γ (X λi ) ∩ X λi+1 = ∅ holds for i = 0, . . . , r − 1.
Remark 1.11. -T is Γ -connected if and only if Γ \T is connected with the quotient topology. If X ⊂ T , then Γ \X ⊂ Γ \T is connected if X is Γ -connected. The converse also holds if X is Γ -invariant, and is not always true even if Γ is a pseudogroup. Indeed, let T = T 1 T 2 , where T 1 = T 2 = R, and equip T with the natural topology. Let Γ be the pseudogroup generated by γ:
If (Γ , T ) is the holonomy pseudogroup of a foliation, then Γ -connected components of Γ -invariant sets correspond to connected components of saturated sets.
The notions of morphisms and equivalences are given as follows. Definition 1.12. -Let (Γ , T ) and (∆, S) be psg's. A morphism Φ: Γ → ∆ is a collection Φ of local continuous mappings from T to S with the following properties.
ii) If φ ∈ Φ, then any restriction of φ to an open set of dom φ also belongs to Φ.
iii) Let U be an open subset of T and φ a continuous map from U to S. If for any x ∈ U , there exists an open neighborhood U x of x such that φ| Ux ∈ Φ, then φ ∈ Φ.
v) Suppose that γ ∈ Γ and x ∈ dom γ. If x ∈ dom φ and γ(x) ∈ dom φ , where φ, φ ∈ Φ, then there is an element δ ∈ ∆ such that φ(x) ∈ dom δ, and δ • φ = φ • γ on a neighborhood of x.
A morphism from (Γ , T ) to itself is called an endomorphism of (Γ , T ).
The properties ii) and iii) are sometimes referred as the 'maximality'. Definition 1.13. -Let (Γ , T ) and (∆, S) be psg's and Φ a morphism from Γ to ∆. 1) Φ is called anétale morphism if Φ consists ofétale mappings.
2) If Γ and ∆ are holomorphic psg's, and if Φ consists of holomorphic mappings, then Φ is said to be holomorphic.
3) Suppose that Γ and ∆ are psg's on complex one-dimensional manifolds. A holomorphic morphism is said to be ramified if φ ∈ Φ and x ∈ dom φ, then there exists an open neighborhood U x of x such that φ| Ux is the restriction of the composite of ramified coverings and holomorphicétale mappings.
Definition 1.14. -Let (Γ , T ) and (∆, S) be pseudogroups. A collection Φ of local homeomorphisms from T to S is anétale morphism of pseudogroups if Φ satisfies the conditions in Definition 1.12 but 'a continuous map from U to S' in iii) is replaced by 'a local homeomorphism from T to S'. Definition 1.14 is equivalent to the usual definition of morphisms of pseudogroups [7] 1.4. Definition 1.15 (cf. Definition 1.9). -Let Φ: (Γ , T ) → (∆, S) be a morphism. If X ⊂ T and Y ⊂ S, then we set
Lemma 1.16. -Let Φ: Γ → ∆ be a morphism which consists of open mappings. Let γ ∈ Γ × and x ∈ dom γ. If x ∈ dom φ and γ(x) ∈ dom φ , where φ, φ ∈ Φ, then the restriction of the element δ in v) of Definition 1.12 to a sufficiently small neighborhood of x belongs to ∆ × .
Proof. -By restricting γ to a small neighborhood of x, we may assume
Example 1.17. -Lemma 1.16 does not hold if the assumption is dropped. Let T = R 2 , and denote by pr 1 the projection to the first factor. Let f = id T , g = pr 1 , Γ = f and ∆ = g . If we set Φ to be the collection of restrictions of pr 1 , then Φ is a morphism from Γ to ∆. It is apparent that restrictions of f belong to Γ × and that restrictions of g do not belong to ∆ × . On the other hand, pr 1 • f = g • pr 1 .
In what follows, we will consider only holomorphic morphisms if holomorphic psg's are considered. Definition 1.18. -Let {f λ } λ∈Λ be a family of local continuous mappings from T to S. Suppose that {dom f λ } λ∈Λ is an open covering of T and that if γ ∈ Γ , x ∈ dom γ, x ∈ dom f λ and γ(x) ∈ dom f µ , where λ, µ ∈ Λ, then there is a δ ∈ ∆ such that f µ • γ = δ • f λ on a neighborhood of x. Then, the morphism generated by {f λ } λ∈Λ is by definition the smallest morphism which contains {f λ } λ∈Λ and denoted by f λ λ∈Λ . If every f λ isétale (resp. holomorphic, ramified), then theétale (resp. holomorphic, ramified) morphism generated by {f λ } λ∈Λ is defined in the same way. Definition 1.19. -Let Γ and ∆ be pseudogroups and let Φ be a morphism (resp.étale morphism) of pseudogroups from Γ to ∆. We denote by Φ psg the morphism (resp.étale morphism) of psg's from Γ psg to ∆ psg generated by Φ.
If Φ is anétale morphism of pseudogroups, then Φ consists of local homeomorphisms but Φ psg needs not so. Definition 1.20. -Let (Γ , T ) be a pseudosemigroup. Assume that there is a covering map p: T → T which satisfies the following covering property:
, there is a unique mapping γ such that dom γ = p −1 (dom γ) and that p • γ = γ • p holds on p −1 (dom γ).
The psg generated by { γ} γ∈ together with the morphism generated by p is called the covering of associated with p. If p is a Galois covering with Galois group G and the action commutes with , then ( , T ) and p are called a Galois covering with Galois group G. If ( , T ) is a holomorphic psg, then we always assume that ( , T ) and p are holomorphic. If in addition ( , T ) is a holomorphic psg on a one-dimensional complex manifold, then we allow p to be a ramified covering, namely, a covering map with ramification (branching) points. In this case we call ( , T ) with the morphism generated by p a ramified covering.
Note that the morphism generated by p is anétale or a ramified morphism. Remark 1.24. -If (Γ , T ) is a psg, then the identity map on T generates a morphism which is equal to Γ × . In fact, Γ × is an automorphism of (Γ , T ). On the other hand, Γ is an endomorphism of (Γ , T ) if and only if Γ = Γ × . Indeed, if ζ ∈ Γ , then applying the condition v) of Definition 1.12 to φ = ζ, φ = γ = id T , we see that for any x ∈ dom ζ, there exists an open neighborhood U of x and δ ∈ Γ such that δ • ζ = id U holds. If we set φ = δ,
Lemma 1.25. -Anétale morphism Φ is an equivalence if and only if Ψ = {étale maps from S to T which are locally of the form φ −1 for some φ ∈ Φ} is a morphism. Indeed, Ψ = Φ −1 .
Proof. -Suppose that Φ is an equivalence and let Ψ be as in Definition 1.22. If ψ ∈ Ψ and x ∈ dom ψ, then there is an element φ ∈ Φ such that ψ(x) ∈ dom φ. Since Φ • Ψ = ∆ × , there is an element δ ∈ ∆ × such that φ • ψ = δ on a neighborhood of x. We may assume that φ and δ are local homeomorphisms by restriction. Since Φ is a morphism, δ −1 • φ ∈ Φ. Therefore, ψ ∈ Ψ . Conversely, if ψ ∈ Ψ and y ∈ dom ψ , then ψ = φ −1 holds on a neighborhood of y, where φ ∈ Φ. Let ψ ∈ Ψ such that y ∈ dom ψ. Since Ψ • Φ = Γ × , we may assume that ψ • φ = γ for some γ ∈ Γ × . Hence
• ψ holds on a neighborhood of y. Since Ψ is a morphism, this implies that ψ ∈ Ψ. It is easy to see that Ψ = Φ −1 holds if Ψ is a morphism.
If we work on pseudogroups, we have Φ −1 = {φ −1 | φ ∈ Φ}. Indeed, ań etale morphism Φ of pseudogroups is said to be an equivalence if {φ −1 | φ ∈ Φ} is anétale morphism of pseudogroups [7] .
Fatou-Julia decomposition of pseudosemigroups
We pose the following assumption in this section. 
We say that an open connected subset U of T contained in T has the property (wF), or U is a wF-open set for short if the following conditions are satisfied: wF1) If x ∈ U and η x ∈ (Γ T ) x , then there exists an element γ of Γ such that dom γ = U and γ x = η x . We call γ an extension of η x to U . wF2) If we set Γ U = γ ∈ Γ dom γ = U , and γ is an extension of the germ of an element of Γ T as above
then Γ U is a normal family.
-164 - Let F * (Γ T ) be the union of F-open subsets of T , and
where T = {T ⊂ T | T is open and relatively compact}. We call J(Γ ) the Julia set of Γ . The Fatou set of Γ is by definition the complement of J(Γ ) in T . We call Γ -connected components of F (Γ ) and J(Γ ) Fatou components and Julia components, respectively. Fatou sets and Julia sets obtained by using the property (wF) instead of (F) are denoted by adding 'w', e.g. Fatou sets in this sense are denoted by wF (Γ ).
Needless to say that the 'property (F)' stands for the 'property Fatou'. By '(wF)' we mean 'weak-F'. Note that if U is an F-open set for (Γ T , T ) and if γ ∈ Γ T is such that dom γ ⊂ U , then range γ is the union of Fopen sets. To see this, let ζ ∈ Γ T such that dom ζ ⊂ range γ. If we set V = γ −1 (dom ζ), then ζ • γ| V ∈ Γ T and range ζ = ζ(γ(V )) so that range ζ is the union of wF-open sets. Example 2.3 (see also Example 3.6). -Let f : CP 1 → CP 1 be a rational map. If we denote by f the psg generated by f , then J( f ) = J(f ), where J(f ) denotes the Julia set of f in the usual sense. If g: C → C is an entire map, then we can regard g as a local holomorphic map defined on CP 1 with dom g = C, and g as a psg which acts on CP 1 . If we denote by J(g) the Julia set of g in the usual sense, which is a subset of C, then we have Example 2.4. -Let T = CP 1 and we define γ, ζ:
, and ζ(z) = z α , where α > 1 and α ∈ Z. The mapping ζ is not welldefined on CP 1 so that we regard ζ as local mappings defined on suitable
-165 -open subsets of CP 1 \ {0, ∞} and take all branches. Let Γ be the psg generated by γ and ζ. Then,
If n is large enough, then γ n (U ) contains a circle around 0 or ∞. Hence no germ of ζ at a point in γ n (U ) is the germ of any element of Γ defined on γ n (U ) so that γ n (U ) does not have the property (wF). However, if x ∈ γ n (U ), then by choosing a neighborhood of x small enough, we see that the germ of any element of Γ can be extended to an element of Γ .
Some remarks are in order.
and F (Γ ) is the interior of F 0 (Γ ) (see also Lemma 2.16).
Remark 2.6. -A related construction for holomorphic correspondences is given in [3] .
Remark 2.7. -Although the difference between the conditions (F) and (wF) seems quite large, there are several cases where they are equivalent. If Γ is generated by a pseudogroup, then these conditions are equivalent. They are also equivalent if Γ = f , where f is an endomorphism of CP 1 or an entire map on C. We will show that if Γ is compactly generated, then the conditions (F) and (wF) are equivalent (Proposition 4.5).
Remark 2.8. -As holomorphic mappings are considered, extensions in wF1) of the property (wF) are unique. The extension of γ x is usually denoted by γ.
Example 2.9. -Let T 1 , T 2 and T 3 be open unit discs in C and T = T 1 T 2 T 3 . We denote by z k the standard coordinates on T k . We define γ i :
, where i is a positive integer. Let η: T 1 → T 2 be the identity map, and Γ the psg generated by {γ i , ζ j , η} i,j>0 . Then, Recall that if Γ is a pseudogroup, then the conditions (wF) and (F) are equivalent. If (Γ , T ) is a pseudogroup, then F pg (Γ ) ⊂ F (Γ psg ). The difference between F pg (Γ ) and F (Γ psg ) occurs in wF1) of Definition 2.2.
Example 2.11 (see also Example 4.21). -Let T = {0 < |z| < 1} ⊂ C and set γ(z) = z 2 . Let Γ be the pseudogroup generated by γ and its local inverses, namely, let
On the other hand, let T be the open unit disc and we regard γ as a local mapping defined on T with dom γ = T , and let Γ be the pseudogroup generated by γ and its local inverses. Then
On the other hand,
The equality F pg (Γ ) = F (Γ psg ) holds if Γ is a compactly generated pseudogroup. See Proposition 4.11.
Remark 2.12. -If q > 1, then the Julia sets in Definitions 2.2 and 2.10 are tentative. We will need the notion of Green functions for a right definition of them, which we do not discuss in this paper. On the other hand, we can apply Definition 2.2 to rational mappings from CP n to CP n , and obtain the Fatou set in the usual sense. We refer to [4] and [21] for dynamics on CP n .
In general, F 0 (Γ ) = F (Γ ) does not hold even if Γ is finitely generated.
Example 2.13. -Let A = {z ∈ C | 1 < |z| < 2} and define a local mapping α on A by
If we set Γ 0 = α , then J(Γ 0 ) = A. We regard α as a local mapping on C. For a positive integer i, we set T i = C, and
and ζ i (z) = 4z. Let γ and ζ be local mappings on T such that γ| Ti = γ i and ζ| Ti = ζ i , respectively. If we set Γ = γ, ζ , then we have
for any i. 
to be the restriction of the identity map to {z ∈ C | |z| < 1/i}. Let γ be the local diffeomorphism from T to T such that γ| Ti = γ i . If we denote by Γ the pseudogroup generated by γ, then
is not equivalent to the holonomy pseudogroup of the trivial foliation on a foliation chart. On the other hand, if we set
If we denote by Γ the pseudogroup generated by γ, then F pg ( Γ ) = S. Indeed, ( Γ , S) is equivalent to the holonomy pseudogroup of the trivial foliation on a foliation chart. The following property is frequently used.
Lemma 2.16. -Let (Γ , T ) be a psg, and let
The proof is easy and omitted. Lemma 2.16 implies that it suffices to consider a sequence {T i } in T such that T i ⊂ T i+1 and that
Unlike the classical cases, F (Γ ) and J(Γ ) need not be completely invariant.
, and let ϕ: T 2 → T 1 be the identity map. Let g: T 2 → T 2 be a rational map such that the classical Julia set J(g) is the whole CP 1 , for example, a Lattès map. If we set Γ = f, g, ϕ , then F (Γ ) = T 1 and J(Γ ) = T 2 . We have Γ −1 (F (Γ )) = T and
Example 2.17 is an example of compactly generated psg's. See Sections 3 and 4.
In general, we have the following.
-168 -Lemma 2.18. -1) F 0 (Γ ) and F (Γ ) are forward Γ -invariant, and we have
2) J 0 (Γ ) and J(Γ ) are backward Γ -invariant.
On the other hand, since the local identity maps belong to Γ , the inclusions are in fact equalities. Since Γ consists of open mappings, we also have
If we set γ = id T , then γ −1 (F (Γ )) ∪ (T \ (dom γ)) = F (Γ ) so that the above inclusion is in fact the equality. The part 2) follows from 1). The part 3) is easy.
We have the following. 
If Φ is a Galois covering with a finite Galois group, then
Proof. -We will show 1), because 2) can be shown by similar arguments. Let W be an open subset of S. Then, W is contained in F (∆) if and only if W ⊂ F * (∆ S ) for any S ∈ S, where S denotes the set of relatively compact open subsets of S. Note that the latter condition is equivalent to W ∩ S ⊂ F * (∆ S ) for any S ∈ S.
-169 -Indeed, if x ∈ U , then φ 2 = δ • φ 1 holds for some δ ∈ ∆ on a neighborhood of x by v) of Definition 1.12. Hence φ 2 (x) ∈ F (∆) by Lemma 2.18.
. . , T r be the connected components of T , where T ∈ T . Since T is relatively compact, we can find a finite number of elements φ 1 , . . . , φ s of Φ such that {dom φ k } is an open covering of T and that each φ k is the restriction of an element φ k of Φ such that dom φ k ⊃ dom φ k . Moreover, we may assume that each φ k is a local ramified covering with a single singularity, (namely, a branching point), or a local biholomorphic diffeomorphism. If we set S = r i=1 s j=1 φ j (T i ∩ (dom φ j )), then S ∈ S. We may assume that x ∈ dom φ 1 . Then φ 1 (x) ∈ F (∆) ∩ S by the above arguments.
Let U be an open connected neighborhood of x which is contained in
We may further assume that if δ ∈ ∆ V and
As Φ is a covering or ramified covering, there exists an element ζ of Γ such that
is a branching point of φ i , then we can find a point w which is close enough to z and is not a branching point. We still have (
, where i(γ) is determined by γ as above. Since the number of φ i 's is finite, this implies that Γ U is a normal family. If q = 1 and φ 1 is ramified at p ∈ U , then Γ U | U \{p} is a normal family. Since elements of Γ U are obtained via ∆ V , elements of Γ U is bounded on a neighborhood of p. Hence Γ U is a normal family also in this case. Therefore U is a wF-open set.
is the union of F-open sets, we may assume by shrinking U that µ is well-defined on φ i (γ(U )) as an element of ∆. Moreover µ(φ i (γ(U ))) ⊂ range φ k by the choice of V , because we have µ(
By similar arguments as above, we can verify that ζ z = η z and that Γ γ(U ) is a normal family. Hence γ(U ) is a wF-open set so that U is an F-open set. Suppose that Φ is a Galois covering with a finite Galois group. Let U ⊂ F 0 (Γ ) and assume that p| U is a homeomorphism. We set U = p( U ), where p is the projection which generates Φ. Let x ∈ U and S ∈ S such that x ∈ S . If we set T = p −1 (S ), then T ∈ T because p is a finite covering. Let x ∈ U such that p( x) = x and U an F-open set for Γ T which contains x. We set U = p( U ). If y ∈ U and
to ∆, and its domain is U . As Γ U is a normal family, ∆ U is also. Hence U is a wF-open set for ∆ S . Let δ ∈ ∆ S such that dom δ ⊂ U . We set V = dom δ and Example 2.20. -We define f :
Let Γ be the psg generated by f and its local inverses on CP 1 \ {0, ∞}, then F (Γ ) = CP 1 \ ({0, ∞} ∪ {|z| = 1}). We define f : C → C by f (z) = 2z, and let Γ be the psg on C generated by f and f −1 . Then F ( Γ ) = C \ {0}. Let p: C → C \ {0} be the exponential map. Then p is a morphism from ( Γ , C) to (Γ , CP 1 ), and a covering morphism from ( Γ , C) to (Γ , C \ {0}), where Γ denotes the restriction of Γ to C \ {0}. We have F (Γ ) = F (Γ ) and
Example 2.21. -1) of Theorem 2.19 does not always hold if we simply assume that Φ is a morphism. Let T 1 = T 2 = C and T = T 1 T 2 . We define
In the next section, we will introduce the notion of compactly generated psg's. Here we present two examples of non-compactly generated psg's in advance. Fatou-Julia decompositions of these psg's are examined under a tentative definition in [1] . The decompositions are as follows under Definition 2.2. Note that these psg's are generated by pseudogroups so that the -171 -conditions (wF) and (F) are equivalent. Results are the same as in [1] but we proceed by correcting typographic errors.
Example 2.22 ([1] Examples 8.8 and 8.9). -Let γ: C → C be the mapping given by γ(z) = 2z, and γ the group generated by γ. Let T = (C \ {0})/ γ and S = {z ∈ C | |z| < 1 + }, where is a small positive real number. Let O be a subset of S defined by O = {z ∈ C | 1 < |z| < 1 + }, and let η: O → T be the mapping induced by the inclusion of O into C. We define ξ: T → T by ξ(z) = z 2 , and let Γ be the pseudogroup generated by (restrictions of) ξ and η which acts on T 1 = T S. Then J(Γ psg ) = T O , where O denotes the closure of O in S (J(Γ psg ) is written in [1] as T 1 in error). Although Γ and Γ psg are not compactly generated, we have J pg (Γ ) = J(Γ psg ). 
and define γ 0 : S 1 → S 2 by γ 0 (z) = 25/z. Second, let
where δ is chosen so small that γ 1 : U 1 → T 1 defined by γ 1 (z) = z 2 is a diffeomorphism onto its image. Finally set
and define γ 2 : U 1 → V 1 by γ 2 (z) = 2z. The action of Γ is essentially on T 1 , but we add T 2 and γ 0 in order to consider Γ as a pseudogroup acting on
The pseudogroup Γ is not compactly generated. If we set
(the definitions of I k and A l are incorrect in [1] ) then
Adding an irrational rotation to Γ as a generator, one can obtain a pseudogroup
The pseudogroup Γ 1 is not compactly generated, either.
-172 -In general, it is almost impossible to tell if a given point of T belongs to F (Γ ) or not. However, there are some cases where x ∈ T belongs to J(Γ ) as in classical cases as follows (cf. [16] Theorem 2.1.9). 1) If there exists γ ∈ Γ such that γ(x) = x and |γ | x > 1 (repelling fixed point), then x ∈ J(Γ ).
2) Let γ ∈ Γ such that γ is a restriction of a rational or entire mapping on C of degree greater than or equal to 2 and that γ(x)
Suppose that deg γ = 1 in the second case. If γ is a rotation on CP 1 , then
The dynamics on F (Γ ) is expected to be tame. We will later show that if Γ = Γ × , then F (Γ ) admits a Γ -invariant Hermitian metric or a volume form which is locally Lipschitz continuous (Theorem 4.20). If Γ is compactly generated, then F (Γ ) admits a semi-invariant metric or a volume form which is locally Lipschitz continuous (Proposition 4.19 and Theorem 4.17).
Compactly generated pseudosemigroups
The notion of compactly generated pseudogroups [8] is also valid for pseudosemigroups.
Definition 3.1. -A pseudosemigroup (Γ , T ) is compactly generated if there is a relatively compact open set T in T , and a finite collection of elements {γ 1 , . . . , γ r } of Γ of which the domains and the ranges are contained in T such that 1) {γ 1 , . . . , γ r } generates Γ T , where Γ T is the restriction of Γ to T , 2) for each γ i , there exists an element γ i of Γ such that dom γ i contains the closure of dom γ i , γ i | dom γi = γ i and that γ i isétale on a neighborhood of dom γ i \ dom γ i ,
3) the inclusion of T into T induces an equivalence from Γ T to Γ .
A reduction of (Γ , T ) is also denoted by (Γ , T ).
Remark 3.2.
-If Γ is a compactly generated psg on a one-dimensional complex manifold, then Γ isétale or ramified. In addition, the last condition in 2) is equivalent to Sing γ i = Singγ i .
Proof. -Let Φ be the morphism from (Γ , T ) to (Γ , T ) generated by the inclusion, which is an equivalence. Then Ψ = Φ −1 is an equivalence from (Γ , T ) to (Γ , T ). If x ∈ T , then there is an element ψ ∈ Ψ defined on a neighborhood of x and ψ(x) ∈ T . We may assume that ψ is a diffeomorphism and ψ −1 ∈ Φ. Since Φ is a morphism, there are elements γ, ζ ∈ Γ such that (
so that the restriction of ψ to a neighborhood of x belongs to Γ × .
Remark 3.4. -It is easy to see that the converse of Lemma 3.3 does not hold. However, if pseudogroups are considered, then the condition 3) can be replaced with a much weaker condition that T meets every orbit of Γ .
Lemma 3.5. -If Γ is a compactly generated pseudogroup, then Γ psg is a compactly generated psg.
Proof. -Let (Γ , T ) be a reduction of (Γ , T ) and suppose that Γ = γ 1 , . . . , γ r . If γ ∈ Γ and if x ∈ dom γ, then there are elements γ ∈ Γ and α, β ∈ Γ such that γ = β • γ • α holds on a neighborhood of x. If ζ ∈ Γ psg and y ∈ dom ζ, then the restriction of ζ to a neighborhood of y belongs to Γ . Hence ζ = β • ζ • α holds for some ζ ∈ Γ and α, β ∈ Γ . This implies that (Γ psg , T ) is equivalent to (Γ psg , T ) because Γ ⊂ Γ × psg . Since Γ psg is generated by γ 1 , . . . , γ r , γ 1 −1 , . . . , γ r −1 , Γ psg is compactly generated.
Example 3.6. -Let f be an endomorphism of CP 1 , where
is a compactly generated psg. Indeed, (Γ , CP 1 ) itself is a reduction. Another reduction can be chosen as follows. Let U = {z ∈ C | |z| < 1 + } and V = {z ∈ C | |z| > 1 − } ∪ {∞}, where > 0 is a fixed small number. Let Γ = f, id U ∩V and T = U V . Then (Γ , T ) is equivalent to the psg on CP 1 generated by f . Note that we can embed T into C. Let now U = {z ∈ C | |z| < 1+ } and V = {z ∈ C | |z| > 1 − } ∪ {∞}, where > > 0. If we set T = U V and Γ = Γ | T , then (Γ , T ) is a reduction of (Γ , T ). On the other hand, if f is an entire map on C and if we regard f as a local mapping on CP 1 with dom f = C, then f is not compactly generated.
Example 3.7. -Let Γ be the holonomy pseudogroup of a complex codimension-one transversely holomorphic foliation of a closed manifold.
Then Γ is a compactly generated pseudogroup, and Γ psg is a compactly generated pseudosemigroup.
Example 3.8. -Even if Γ is a compactly generated psg, Γ × needs not be a compactly generated pseudogroup. Indeed, let Γ be the psg generated by f : z → z 2 . Then (Γ , CP 1 ) is compactly generated but (Γ × , CP 1 ) is not.
The following properties are fundamental.
Lemma 3.9. -Let Φ: Γ → ∆ be a morphism which consists of open mappings. If (Γ , T ) is compactly generated, then Φ is also compactly generated. That is, there is a finite subset {φ i } of Φ with the following properties: 1) For any φ ∈ Φ and x ∈ dom φ, there are
2) For each i, dom φ i is relatively compact, and there is an element
Proof. -Let (Γ , T ) be a reduction of (Γ , T ). Since T is compact, we can find finite subsets {φ i } and { φ i } of Φ such that dom φ i is relatively compact, T ⊂ dom φ i , dom φ i ⊂ dom φ i and φ i | dom φi = φ i . Let x ∈ T and suppose that φ ∈ Φ is defined on a neighborhood of x. Then, there is an element γ ∈ Γ × such that γ(x) ∈ T , and some φ i is defined on a neighborhood of γ(x). Let δ ∈ ∆ such that δ •φ = φ i •γ. By Lemma 1.16, we may assume that δ ∈ ∆ × so that there exists δ ∈ ∆ × such that φ = δ •φ i •γ on a neighborhood of x. Lemma 3.10. -Let (Γ , T ), (∆, S) be psg's and suppose that (Γ , T ) is compactly generated. 1) If Φ: Γ → ∆ is a covering or ramified covering, then (∆, S) is compactly generated.
2) If (∆, S) is equivalent to (Γ , T ), then (∆, S) is compactly generated.
Proof. -First we show 1). Let (Γ , T ) be a reduction of (Γ , T ). Then, Φ is compactly generated with a set of generators {φ i } i∈I as in Lemma 3.9. We may assume that each φ i is a homeomorphism or a ramified covering with a single singularity. Suppose that Γ = γ 1 , . . . , γ r . We may assume that domains and ranges of γ i 's are contained in domains of φ k 's. Then, for each i, φ j • γ i = δ • φ k holds for some j, k and δ ∈ ∆. If we denote by ∆ the collection of elements of ∆ obtained in this way, then ∆ is a finite set. We now set S = i∈I φ i (T ∩ (dom φ i )). Then S is relatively compact and (∆ , S ) is a reduction of (∆, S).
The proof of 2) is almost parallel. Let (Γ , T ) be a reduction of (Γ , T ) and suppose that Γ = γ 1 , . . . , γ r . Let Φ be an equivalence from Γ to ∆. Then, Φ is compactly generated with a set of generators {φ i } as in Lemma 3.9. Let D = {φ i • γ j • φ −1 k }, where the composition in the right hand side is taken after restrictions if necessary. Then D is a finite set. We set S = r i=1 φ i (T ∩(dom φ i )). Then S is relatively compact. If δ ∈ ∆, then we may assume that there are elements φ 1 , φ 2 ∈ Φ such that φ The next lemma is easy.
Lemma 3.11. -Assume that (Γ , T ) is compactly generated and let (Γ , T ) be a reduction. If T ⊂ V ⊂ T and V is relatively compact, then (Γ V , V ) is also a reduction of (Γ , T ).
Fatou sets of compactly generated pseudosemigroups
We pose the same assumption as Assumption 2.1 in this section.
Let (Γ , T ) be a compactly generated pseudosemigroup. Let (Γ T , T ) be a reduction and Φ: Γ T → Γ the equivalence induced by the inclusion.
Theorem 4.1. -Let (Γ , T ) a compactly generated psg and (Γ T , T ) a reduction. Then F (Γ ) = Φ(F * (Γ T )) and J(Γ ) = Φ(J * (Γ T )). In addition, we have F 0 (Γ ) = F (Γ ) and J 0 (Γ ) = J(Γ ).
by Lemma 2.16. If T ⊃ T , then Φ induces an equivalence from T to T , which we denote by Φ . We can show that Φ (F * (Γ T )) = F * (Γ T ) by almost the same arguments as in the proof of Lemma 2.19. Moreover, since Φ is induced by the inclusions,
On the other hand, Φ (F * (Γ T )) = Φ(F * (Γ T )) ∩ T by the definition of Φ . Since we can find an increasing sequence
. By taking the complement, we have J 0 (Γ ) = Φ(J * (Γ T )). The above arguments show that F 0 (Γ ) is an open subset of T . Hence F (Γ ) = F 0 (Γ ) and J(Γ ) = J 0 (Γ ).
Remark 4.2. -Theorem 4.1 also holds for compactly generated pseudogroups (cf. [1] ). The proof is essentially the same and omitted. Proof. -Let (Γ , T ) be a reduction of (Γ , T ), {γ 1 , . . . , γ r } a set of generators of Γ , and Φ: Γ → Γ the equivalence which is the inverse of the inclusion. Let d be a positive real number such that any germ of γ i at a point z ∈ T extends to an element of Γ defined on D z (d). Let V be a wF-open set in T and let γ ∈ Γ such that dom γ ⊂ V . We set U = dom γ. If x ∈ U , then we can find an open subset U of U such that x ∈ U and that the radius of γ(U ) is less than d/2 for any γ ∈ Γ V . Let y ∈ γ(U ) and assume that an element η y ∈ Γ y is given. We denote by Γ (k) y the set of the germs of elements of Γ y which can be represented as the composite of at most k generators. Then Γ y = Γ (k) y . If η y ∈ Γ (1) y , namely, η y = (γ i ) y for some i, then γ i is well-defined on γ(U ) by the choice of d. Moreover, since γ i • γ ∈ Γ V , the radius of γ i (γ(U )) is less than d/2. Suppose inductively that if η y ∈ Γ (k) y , then η y extends to an element of Γ and η(γ(U )) is of radius less than d/2. If η y ∈ Γ (k + 1) y , then we have η y = (γ i • ζ) y for some i and ζ y ∈ Γ (k) y . By the assumption, we may assume that ζ is well-defined on γ(U ), and the radius of ζ(γ(U )) is less than d/2. Again by the choice of d, γ i • ζ extends to an element, say θ, which is well-defined on γ(U ). Since θ • γ ∈ Γ V , the radius of θ(γ(U )) is less than d/2. By the construction, Fatou sets of compactly generated semigroups have a property similar to those of finitely generated semigroups acting on CP 1 [9] , [19] .
Lemma 4.7. -Suppose that (Γ , T ) is compactly generated. Let (Γ , T ) be a reduction of (Γ , T ) and {γ 1 , . . . , γ r } a set of generators of Γ . Then
there is an open neighborhood U i of x such that γ i (U i ) is an F-open set. We set U = x∈dom γi U i . If γ y ∈ Γ y , where y ∈ U , then γ y = (ζ • γ i ) y holds for some i and ζ γi(y) ∈ Γ γ i(y) unless γ y = (id T ) y . Since ζ γi(y) extends to an element of Γ defined on γ i (U ), γ y extends to U . Therefore U is an F-open set which contains x. Hence 
. . , f r are endomorphisms of CP 1 , then dom f i = CP 1 for any i so that we have (F (Γ ) ), where Γ = f 1 , . . . , f r . This is the case studied in [9] and [19] .
Example 4.9. -Lemma 4.7 fails if Γ is not compactly generated and if we do not include id T in the set of generators. Let T 1 = T 2 = CP 1 and define γ i : T 1 → T 2 by γ i (z) = iz, and ζ: T 2 → T 2 by ζ(z) = z 2 . If we set Γ n = ζ, γ 1 , . . . , γ n and Γ = ζ, γ 1 , . . . , then Γ n is compactly generated and Γ is not. We have J(Γ n ) = ( 
1) of Theorem 2.19 holds in a strong form for compactly generated psg's. k (δ • φ 1 (V )), the radius of ζ(V ) is less than d 0 /2. Assume that the same holds for m, and let ζ y ∈ Γ (m + 1) y . We have ζ y = (γ i • η) y for some i and η ∈ Γ (m). By the assumption, η is well-defined on V and the radius of η(V ) is less than d 0 /2. Suppose that η(y) ∈ dom φ j and γ i (η(y)) ∈ dom φ l . Then there is an element
Therefore, the radius of (γ i • η)(V ) is less than d 0 /2, and if we set
V is also a normal family. Hence V is a wF-open set for Γ = Γ T .
Proposition 4.11. -If Γ is a compactly generated pseudogroup, then F pg (Γ ) = F (Γ psg ) and J pg (Γ ) = J(Γ psg ).
Proof. -Let (Γ , T ) be a reduction of (Γ , T ) in the sense of pseudogroups. Then, (Γ psg , T ) is a reduction of (Γ psg , T ). By Theorem 4.1, it suffices to show that J * pg (Γ ) = J * (Γ psg ). Let U be a wF-open subset of F * pg (Γ ) and x ∈ U . If γ is the germ of an element of Γ psg at x, then γ is the germ of an element of Γ . Hence γ extends to an element of Γ defined on U , and (Γ psg ) U = Γ U . Therefore U is a wF-open set for Γ psg .
Conversely let U ⊂ F * (Γ psg ) be a wF-open set in the sense of psg's. Then U ⊂ F pg (Γ ). Indeed, let {γ 1 , . . . , γ r } be a set of generators of Γ . There is a d 1 > 0 such that if γ is the germ of one of the γ i 's at a point, say x, in T , then γ is extends to an element of Γ defined on D x (2d 1 ). Let x ∈ U and V = D x (d 1 ). By shrinking V if necessary, we may assume that V ⊂ U and that γ(V ) is contained in ball of radius d 1 for any γ ∈ Γ U psg . Let y ∈ V and Γ (k) y the set of germs of elements of Γ which can be represented as the composite of at most k generators. Then
Suppose that germs of elements of Γ (k) y extends to an element of Γ defined on V , and let γ y an element of Γ (k + 1) y . If we decompose γ y = (γ i • ζ) y , where ζ y ∈ Γ (k) y , then ζ y extends to an element of Γ defined on V . Since ζ(V ) is contained in a disc of radius d 1 and ζ(y) ∈ T , γ i • ζ is well-defined on V . As being the composite of diffeomorphisms,
Proposition 4.12.
-Let (Γ , T ) be a compactly generated pseudogroup, and denote by F (Γ ) and J (Γ ) its Fatou and Julia sets in the sense of [1] , respectively. Then F (Γ ) = F pg (Γ ) = F (Γ psg ) and J (Γ ) = J pg (Γ ) = J(Γ psg ). Theorem 4.13. -The Julia sets of rational mappings on CP 1 , the limit sets of finitely generated Kleinian groups acting on CP 1 and the Julia set of compactly generated pseudogroups in the sense of [1] can be regarded as Julia sets of compactly generated pseudosemigroups. If we regard entire mappings on C as local mapping on CP 1 , then their Julia sets can be regarded as Julia sets of non-compactly generated pseudosemigroups.
Proof. -If Γ is a finitely generated Kleinian group, then Γ generates a compactly generated pseudogroup on CP 1 . If we denote this pseudogroup by Γ pg , then J pg (Γ pg ) coincides with the limit set of Γ ([1] Example 8.3).
We refer to [15] and [16] for properties of the Julia sets of mapping iterations, to [14] for properties of the limit sets of Kleinian groups.
Remark 4.14. -Even if Γ is a Kleinian group but not finitely generated, we can regard (Γ, CP 1 ) as a pseudogroup or a pseudosemigroup, which are not compactly generated.
Remark 4.15. -Let (Γ , T ) be a compactly generated pseudosemigroup. If T = CP 1 , then it is natural to assume that Γ is generated by rational mappings and biholomorphic diffeomorphisms defined on CP 1 . It is wellknown that the Julia sets are infinite set (in fact, perfect) and the limit sets are also infinite unless they consist of at most 2 points. In view of Theorem 4.13, such a property can be seen as one of common properties of Julia sets of groups and semigroups acting on CP 1 . On the other hand, if T = CP 1 , then there are examples of compactly generated pseudogroups of which Julia sets are finite but consist of more than 2 points [1] Examples 8.1 and 8.2.
Dynamics on F (Γ ) is expected to be tame. For example, on the Julia sets of rational mappings and on the limit sets of finitely generated Kleinian groups, the Γ -action is contracting or isometric with respect to the hyperbolic metric except elementary cases. We can find a volume form which has a similar property. If q = 1, then we can find a metric.
Let (Γ , T ) be a reduction of (Γ , T ). We may assume that T = 
, where · denotes the standard norm on C q . The set of functions {h i } is denoted by h and considered as a function on T . We will represent functions and differential forms on T in the same way. We define a function f on T by
where |Jγ x | denotes the absolute value of the Jacobian of γ at x. We set g = f 2 g 0 if q = 1, ω = f 2 µ 0 if q 1, where g 0 and µ 0 denote the standard -181 -Hermitian metric and volume form on C q , respectively. We denote g 0 also by dz ⊗ dz.
A metric or a volume form as above is said to be lower semicontinuous (resp. locally Lipschitz continuous) if f is lower semicontinuous (resp. locally Lipschitz continuous). Proof. -The first part is easy. We will show the second part. Let x ∈ F (Γ ) and U a wF-open set which contains x. Then Γ U is a normal family so that sup γ∈Γ U |Jγ x | and f (x) are finite. By slightly shrinking U , we may assume that there exists an m > 0 such that |Jγ y | m holds for any y ∈ U and γ y ∈ Γ y because Γ U is a normal family. We may also assume that U = D x (d). We will show the following 
3m > 0. It follows that there is a compact subset K of T independent of y such that h(γ(y)) |Jγ y | > f(y)− 1 holds only if γ(y) ∈ K . Note that under the same assumptions, we have |Jγ
c. This completes the proof of Claim. Note that such a γ belongs to Γ U .
Let 3 be any positive real number less than 1 and assume that y, z ∈
U is a normal family and each h i is Lipschitz continuous, there is a Lipschitz constant L for h • γ independent of γ, namely, -182 -|h(γ(y)) − h(γ(z))| L |y − z| holds independent of γ (note that it suffices to assume that each h i is locally Lipschitz continuous if we reduce d 1 if necessary). On the other hand, for each γ, we have
on U , where
Again since Γ U is a normal family, the above inequality implies that there is a constant L independent of γ such that |Jγ y | − |Jγ z | L |y − z|. Therefore,
Since this estimate is independent of the choice of γ, 3 can be arbitrarily small. Hence f (y) − f (z) (L + Lm) |y − z|.
By exchanging the role of y and z, we have f (z)−f (y) (L +Lm) |y − z| if y, z ∈ D x (d 1 ). This completes the proof.
Note that we need only the compactness of T in the construction. The fact that Γ is compactly generated is used only to regard the metric on F (Γ ) as a metric on F (Γ ).
Definition 4.18. -Let g 1 and g 2 be Hermitian metrics on F (Γ ). If z ∈ F (Γ ), then we denote by (g 1 ) z the metric on T z F (Γ ). Suppose that we have
Note that this condition is independent of the choice of charts about z. If (g 1 ) z (g 2 ) z holds on F (Γ ), then we write g 1 g 2 . If ω 1 and ω 2 are volume forms on F (Γ ), then we say ω 1 ω 2 in the same way.
The action of Γ on F (Γ ) has the following property which we call semiinvariance.
Proposition 4.19. -If x ∈ F (Γ ) and if γ ∈ Γ is defined on a neighborhood of x, then γ * g g and γ * ω ω. If γ ∈ (Γ ) × , then γ * g = g and γ * ω = ω.
-183 -Note that if x ∈ F (Γ ), γ ∈ Γ and Jγ x = 0, then (γ * g) x = 0 so that there is no Γ -invariant metric (nor volume form) on F (Γ ).
Hence (γ * g) x g x and (γ * ω) x ω x . Proof. -We show the theorem for g because the proof for ω is completely parallel. By replacing (Γ , T ) by equivalence we may assume that T ⊂ C. We will construct a metric on F (Γ ). Let Lemma 2.16 , where int denotes the interior. Let h i , where i > 1, be a smooth function on T such that
where d denotes the distance with respect to the standard Hermitian metric on C. We set F i = F (Γ )∩T i . Let g 2 be the metric on F * (Γ T2 ) obtained from h and g 2 = f 2 dz ⊗ dz. Then, g 2 is invariant under the Γ T2 -action. We have a metric g 1 on F 1 with the following properties with k = 1:
2) There are a neighborhood F k of F k ∩ F (Γ ) in F (Γ ) and a locally Lipschitz continuous, Γ -invariant metric g k on F k such that the restriction of g k to F k is equal to g k (indeed it suffices to define g k = g k+1 | F k ).
We call this condition the condition (M k ). We extend g 1 to a metric g 3 on Γ T3 (F 1 ) by the Γ T3 -action. This is indeed possible. Let x ∈ Γ T3 (F 1 ) and let
The family {η n } n∈Z cannot be normal on any neighborhood of x. Hence |(Jγ 1 ) x | = |(Jγ 2 ) x | so that the extension exists.
If we denote by G 1 the closure of
Indeed, let x ∈ G 1 and U an F-open set for Γ T3 which contains x. We can find a sequence {x i } in F 1 and a sequence {γ i } in Γ T3 such that {γ i (x i )} converges to x. We may assume that
We may also assume that if γ ∈ Γ U , then the radius of γ(U ) < d/8. We regard γ Let f 1 be the function on G 1 such that g 3 = f 2 1 dz ⊗ dz, and let f 1 = f 1 /(1+ f 1 ). Then, we can find an extension ϕ 3 of f 1 to F 3 such that ϕ 3 is locally Lipschitz continuous and 0 < ϕ 3 < 1 holds. We set ψ 3 = h 3 ϕ 3 /(1−ϕ 3 ) and g 3 = ψ 2 3 dz ⊗ dz. Let g 3 be the metric on F 3 constructed from g 3 as in Definition 4.16, namely, we set f (z) = sup γ∈Γ T 3 |Jγ
and
, then g 2 satisfies the condition (M 2 ). By repeating this procedure inductively, we obtain a Hermitian metric on F (Γ ) which is Γ -invariant and locally Lipschitz continuous. 
dz ⊗ dz gives a Hermitian metric on CP 1 \ {|z| = 1} which is locally Lipschitz continuous and semi-invariant under the action of Γ , where Γ = γ . On the other hand, if we consider the Poincaré metric on the unit disc, then γ is contracting by the Schwarz lemma. Hence the Poincaré metrics on the unit disc and CP 1 \ {|z| 1} give rise to a Hermitian metric on CP 1 \ {|z| = 1} which is of class C ω and semi-invariant under the action of Γ . On the other hand, there is no Γ -invariant metric on F (Γ ). Indeed, 0 ∈ F (Γ ) but (γ * g) 0 = 0 for any metric g on F (Γ ).
Let Γ be the psg generated by γ| CP 1 \{0,∞} and its local inverses. Then
). An invariant metric on F ( Γ ) is given by dz ⊗ dz/(|z| log |z|) 2 on {0 < |z| < 1}. We can find on {1 < |z|} a metric of the same kind. Remark 4.23. -Let S 1 = S 2 = C and we denote by D i (r) the open disc in S i of radius r and centered at the origin. Let γ: S 1 → S 2 be the identity map. We set T = S 1 S 2 and Γ = γ . Then F (Γ ) = T . We define T i ∈ T by setting T i = D 1 (i) D 2 (i). Then the metric obtained from {T i } is equal to the one induced from the standard Hermitian metric on C.
A kind of the converse of Theorem 4.17 holds for compactly generated psg's. A metric g on an open subset U of T is said to be bounded from below if there exists c > 0 such that cg 0 g holds on U , where g 0 is the standard metric on C q .
Proposition 4.24 (cf.
[1] Lemma 2.6). -Let (Γ , T ) be a compactly generated psg. If U is forward Γ -invariant and if U admits a continuous Hermitian metric which is semi-invariant and bounded from below, then U ⊂ F (Γ ).
Proof. -By Proposition 4.5, it suffices to show that U is contained in wF (Γ ). Let (Γ , T ) be a reduction of (Γ , T ) and suppose that Γ = , we may assume that V ⊂ U . Let z ∈ V and γ z ∈ Γ (k) z , where Γ (k) z denotes the set of germs of elements of Γ which can be represented at most the composition of k generators. If k = 1, then γ z extends to an element, say γ, of Γ defined on V . Moreover, since g is semi-invariant, we have
we have γ z = (γ i • ζ) z for some ζ z ∈ Γ (k) z and γ i . By the assumption, ζ z extends to an element, say ζ, of Γ defined on V , and
As γ i also extends to D ζ(z) (d) because ζ(z) ∈ T , (γ i • ζ) z extends to an element, say η, of Γ defined on V , and we have η(V ) ⊂ D η(z) (d) by the same argument as above.
If g is not bounded from below, then the conclusion fails. See Example 5.13. If (Γ , T ) is not compactly generated, then there is also a counterexample.
Example 4.25. -Let T 1 = T 2 = C and let f : T 1 → T 2 be the inclusion of the open unit disc viewed as a local mapping. Then, the metric on T 1 T 2 induced from the standard metric on C is invariant under f but J( f ) = {z ∈ T 1 | |z| = 1}.
Fatou-Julia decomposition for singular holomorphic foliations
For generalities on singular holomorphic foliations we refer to [2] and [20] . Here we follow the latter. Let M be a connected complex manifold and T M the holomorphic tangent bundle of M . We denote by O M the tangent sheaf of M . If S is a coherent sheaf on M , then we set
where S x and O M,x denote the stalks at x of S and O M , respectively. The rank of S is defined to be the rank of the locally free sheaf S| M \Sing(S) , and denoted by rank S.
where
The set S(F) is called the singular set of F. The dimension of F is defined to be rank F and denoted by dim F. The codimension of F is defined to be dim M − rank F and denoted by codim F.
We call F a singular foliation by abuse of notation.
Remark 5.2. -S(F) is an analytic set which contains Sing(F).
Let M be a complex manifold and F a singular foliation of M . Then, F defines a non-singular foliation of codimension codim F on M \ S(F), which we denote by F reg .
Let M be a complex manifold and F a singular foliation of M . We choose a complete transversal T for F reg , and let Γ be the holonomy pseudogroup of F reg with respect to T . Note that F pg (Γ ) and J pg (Γ ) are Γ -invariant.
If we replace T by another complete transversal T , then the holonomy pseudogroup with respect to T is equivalent to Γ . Hence F 0 (F), J 0 (F), F (F) and J(F) are well-defined. We can find F (F) and J(F) as follows. We denote by p and q the real dimension and complex codimension of F reg , respectively. Let U = {U λ } λ∈Λ be a foliation atlas for F reg , namely, 2) the connected components of the intersection of leaves of F reg with U λ is given by V λ × {p}, p ∈ D λ . We may assume {U λ } λ∈Λ is a refinement of a foliation atlas, and each U λ is relatively compact. In addition, we assume without loss of generality that each D λ is an open ball. We set T = λ∈Λ D λ and let Γ be the holonomy pseudogroup with respect to T . We assume without loss of generality that Λ is countable, and denote the indices by i. If we set
The following is a direct consequence of Theorem 4.20. Indeed, if Γ is the holonomy pseudogroup of F reg with respect to a complete transversal T , then T admits a Γ -invariant Hermitian metric which is Lipschitz continuous. A transverse invariant volume form can be constructed in the same way.
If M is closed and S(F) = ∅, then Γ is compactly generated so that we may assume (Γ , T ) is equivalent to (Γ T k , T k ) for some k. If moreover F is of codimension one, then we have a transversely holomorphic foliation of complex codimension one, and a Fatou-Julia decomposition of such a foliation is given in [6] , [8] and [1] . We denote the Fatou and Julia sets of F in the sense of [1] by F fol (F) and J fol (F), respectively. Then by the definitions, we have the following Proposition 5.6. -If M is closed and F is regular, then we have
In what follows, we will study holomorphic foliations by curves with isolated singularities. Let F be such a foliation of a complex (n+1)-dimensional manifold M and let S(F) = {p 1 , . . . , p r }. The following is well-known.
Proof. -We may assume that U i is the unit open ball in C n+1 and p i is the origin. Then, it is well-known that there is a holomorphic vector field X on U i such that SingX = {x ∈ U i | X(x) = 0} = {0} and that X is tangent to F| Ui . Let Z(t) be an integral curve of X. If we denote by Z(t) 2 the square of distance of Z(t) from the origin with respect to the standard metric, then Z(t) 2 is a subharmonic function. If moreover {Z(t)} is entirely contained in U i , then Z(t) 2 is defined on C and bounded. 
, where Z(t) = (Z 1 (t), . . . , Z n+1 (t)). By differentiating with respect tot, we have n+1 i=1 f i (Z(t))f i (Z(t)) = 0. Hence Z(t) is identically zero by the choice of X.
Let X be a holomorphic vector field on C n+1 and F the singular foliation associated with X. Suppose that SingX consists of Poincaré type singularities, and let SingX = {p 1 , . . . , p r }. Let U i be an small round ball at p i so that F is transversal to ∂U i . Then, a foliation is induced on each ∂U i , which we denote by F i . Note that S(F) = SingX. By removing U i 's from C n+1 and taking the double, we can obtain a non-singular transversely holomorphic foliation of a closed manifold. This kind of examples are studied in [6] when n = 1. homeomorphic to a ball such that F is transversal to ∂U i , then, the holonomy pseudogroup of F reg is compactly generated and F (F) = F 0 (F). We have J(F) = J(F reg ) ∪ S(F) and We do not know any example where the inclusion is strict. On the other hand, if one of ∂U i 's is not transversal to F, then there is an example where J(F j ) J(F) ∩ ∂U j , where ∂U j is transversal to F. See Example 5.11. T i , then T is a complete transversal for F reg by Lemma 5.7. Therefore the holonomy pseudogroup of F reg is finitely generated. If F is transversal to ∂U i , then it is shown in [10] that F| ∂Ui∪Ui\{pi} is biholomorphically diffeomorphic to F| ∂Ui × (0, 1]. Therefore the holonomy pseudogroup of F reg is equivalent to that of F reg | M \Ui . The last part follows directly from definitions.
Theorem 5.9. -Suppose that dim C M = 2 and S(F) = {p 1 , . . . , p r }. If for each i, there exists an open neighborhood U i of p i homeomorphic to a ball such that F is transversal to ∂U i , then the holonomy pseudogroup of F reg is compactly generated and we have F (F) = F 0 (F). Moreover, F reg admits an invariant transverse Hermitian metric on F (F) which is transversely of class C ω .
Proof. -Let Γ be the holonomy pseudogroup of F reg . If F is transversal to ∂U i , then Γ is equivalent to the holonomy pseudogroup of F reg | M \Ui by Proposition 5. In what follows, we assume without loss of generality that λ 1 = 1. Suppose that λ 2 , λ 3 and λ 2 /λ 3 do not belong to R. Then S(F) = {p 0 , p 1 , p 2 , p 3 }, and there is a unique pair of real numbers α and β such that αλ 2 + βλ 3 = 1. According to Theorem 5.5, there exist invariant volume forms on F (F). In fact, if we set
then g is a transverse invariant Hermitian metric on CP 3 \ (P 0 ∪ P 2 ∪ P 3 ), where P 0 = {[0 : x 1 : x 2 : x 3 ]| | x 1 , x 2 , x 3 ∈ C}, P 2 = {[x 0 : x 1 : 0 : Let ∆ be the closed triangle formed by 0, λ 2 and λ 3 . If 1 is contained in ∆, then α 0, β 0 and 0 α + β 1. This condition is equivalent to that g is bounded from below on CP 3 \ (P 0 ∪ P 2 ∪ P 3 ). Indeed in this case we have F (F) = CP 3 \ (P 0 ∪ P 2 ∪ P 3 ). If λ 2 and λ 3 do not satisfy the condition, then F (F) = CP 3 \ (P 0 ∪ P 1 ∪ P 2 ∪ P 3 ), where P 1 = {[x 0 : 0 : x 2 : x 3 ]}. Even in this case, the above metric is an invariant metric on CP 3 \ (P 0 ∪ P 2 ∪ P 3 ) but not bounded from below. A bounded one on F (F) is given by If in addition the convex hull of 1, λ 2 and λ 3 does not contain 0, then F is transversal to the unit sphere S 5 . Hence F induces a transversely holomorphic, non-singular foliation of S 5 . If we denote this foliation by F , then F (F ) = F (F) ∩ S 5 and J(F ) = J(F) ∩ S 5 . Since the holonomy pseudogroup of F is compactly generated, we see that the conclusion of Proposition 4.24 fails if the metric is not bounded from below.
Instead of exhausting all cases, we will examine the case where λ 2 ∈ R and λ 3 ∈ R. If λ 2 > 1, then S(F) = {p 0 , p 1 , p 2 , p 3 } and J(F) = P 0 ∪P 2 ∪P 3 . An invariant metric on F (F) is given by If 0 < λ 2 < 1, then S(F) = {p 0 , p 1 , p 2 , p 3 } and J(F) = P 0 ∪ P 1 ∪ P 3 . If λ 2 < 0, then S(F) = {p 0 , p 1 , p 2 , p 3 } and J(F) = P 1 ∪ P 2 ∪ P 3 . In these cases, invariant metrics can be constructed as in the case where λ 2 > 1.
Remark 5.14. -Note that L 0 , L 1 and L 2 are separatrices for X in Example 5.11, and that L 0 is also a separatrix for X in Example 5.12. Example 5.13 also suggests that J(F) has something to do with separatrices.
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